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 Abstract: Dilatancy model of earthquake precursors is formulated as an aggregate 
of tensile cracks by the use of the elasticity theory of dislocation. A small tensile 
crack is represented by a set of body forces, namely center of dilatation and double 
force without  moment. These body forces are distributed within a volume in a half 
space to obtain the theoretical ground deformation due to dilatancy. Theoretical 
formulae give a far-field approximate solution for a dilatant zone of  tri-axial ellipsoid 
and a semi-analytical and semi-numerical solution for a zone of elliptic disk of finite 
thickness. The dilatant zone treated is prepared for a thrust type earthquake, and 
the orientation of microcracks is thus horizontal in both the cases. 
    Spatial patterns of surface deformation, namely displacement, tilt, and strain, are 
discussed in detail. And they also give an outline of time dependent deformation due 
to spreading of a dilatant area under a constant strength of dilatancy. These theoretical 
studies are applied to natural earthquakes of which precursors come out in crustal 
deformation. 
    The Niigata earthquake (M7.5) of 1964 showed precursors in levelling data along 
the west coast of the Japan island  arc. The size of the dilatant area at 1959 is 
estimated at about twice as large as the aftershock zone in linear dimension from the 
observed data of anomalous uplift which started in 1955 and continued until 1959, at 
least. We further determine the strength of dilatancy, i.e. the inelastic volumetric 
strain, AVIV, and the volumetric moment,  -1110-,u  AV, as  (3.7±0.5) x  10-6 and (1.7±0.2) 
x  1026 dyne-cm, respectively, where  AV is the inelastic volume increase and  ,cc is the 
shear modulus. The continuous data of tilt and strain at Maze, south of the after-
shock area, suggest that the anomalous dilatant area had spread horizontally after 1959. 
   For the Southeastern Akita earthquake of 1970 (M6.2), which occurred at the 
northeastern part of the Japan island arc, the tilt change at Nibetsu, northwest of the 
epicenter and  4-÷÷-80 km, had shown an anomalous behavior continuing to the time 
just two or three months before the main shock, whereas the strain data in any direc-
tion had shown no anomaly. The present study gives a physical interpretation that 
the dilatant area had been spread out already to Nibetsu at the initial time of the 
anomalous period and the strength of the dilatancy increased gradually with time. The 
size of the dilatant zone that had been prepared for the main shock may be about ten 
times as large as that of the aftershock area in linear dimension. Then the volumetric 
strain of the inelastic dilatancy is given to be of the order of  10-,. 
   The spreading of dilatant zone and the increase of dilatancy strength need an 
increase or, at least, no decrease in magnitude of the tectonic stress which causes the 
dilatancy during the anomalous  period. Therefore, this prefers the  fluid diffusion 
 model to the so-called dry or diffusionless dilatancy. 
   If the observable change of seismicvelocity comes out prior to an earthquake 
under the very weak strength of dilatancy, as stated above, it is suggested that the 
aspect ratio of microcracks which causes the dilatancy may be less than  10-4.
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 I. Introduction 
   Many premonitory phenomena before earthquakes have been reported not only 
since the time in which geophysical observation had started but also since the old times 
as described in the ancient manuscripts in Japan. Some examples of earthquake 
precursors which have been observed by some geophysical methods are the change of 
declination of the magnetic field before and after the Great Nankaido earthquake of 
1946 (Kato and Utashiro, 1949), the drop of seismic wave velocity (Hayakawa, 1951), 
and foreshock activities (Mogi, 1963). As for the crustal deformation, tilt precursors 
are reported in the cases of the Tottori earthquake of 1943 at the Ikuno observation 
station, and of the Tonankai earthquake of 1944 at the Tamamizu and the  Kamigamo 
observation stations, by Sassa and Nishimura  (1951). 
   Recently the  dilatancy-diffusion model has been proposed to explain observed 
premonitory changes in geophysical and geochemical fields before several shallow 
earthquakes (Nur, 1972; Scholz et  al., 1973; Aggarwal et  al., 1973). This stimulative 
model implies that microcracks occurs in the crustal rocks under the tectonic stress to 
cause the swelling of the rocks. First the rocks become hardened because of the 
increase of the effective pressure due to the decrease of pore pressure, then the water 
flow into the dilatant rocks from surrounding area weakens the rocks and triggers an 
earthquake. After this hypothesis was advocated, many papers that support the 
dilatancy-diffusion model appeared especially in seismic wave velocity change, for 
example in Japan, by Ohtake (1973), Hasegawa et al.  (1975). On the other hand the 
alternative model that is so-called ry or  diffusionless model, which doe not need the 
water inflow to explain the recovery of seismic wave velocity just prior to an earthquake 
slippage, has been asserted by some investigators (Brady,  1974  ; Mogi,  1974  ; Stuart, 
1974). The dry model implies for the explanation of the seismic wave velocity 
recovery that the stress concentration around the weak region which will develop into 
focal region of earthquake causes the closure of the opened cracks in the surrounding 
dilatant zone. 
   The dilatancy model itself, including the problem of discriminating a better 
model between the dry and the fluid diffusion models, has been refined till now with some 
complements and constraints. There have been many reports on, for example, the 
anisotropic behavior of seismic wave velocity change (Gupta, 1973a,  b  ; Bonner,  1974  ; 
Anderson et  al., 1974), on the gravity change in connection with the diffusion process 
(Nur,  1974; Kisslinger,  1975; Walsh,  1975  ; Ohtake,  1976), on the constraints on the 
volumetric strain (Hanks, 1974), and on the recovery of dilatancy after faulting 
(Scholz,  1974  ; Scholz and Kranz,  1974). 
    This study discusses a theoretical aspect of crustal deformation due to the 
dilatancy which is formulated as an aggregate ofmicrocracks, and presents a quantitative 
approach to earthquake trigger process. 
    In the section 2, the dilatancy is formulated by the use of the elasticity theory, 
and the point source contribution is obtained. The solutions of displacement and strain 
fields are given for dilatant zone with a finite volume in the second chapter, in particular,
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an  approximate but analytical solution for a  tri-axial ellipsoid and a semi-analytical 
and semi-numerical exact solution for an elliptic disk of finite thickness. Spatial patterns 
of surface deformation due to the elliptic disk are made clear in the section 3, and they 
are taken over to obtain the time dependent deformation at a point out of or in the 
dilatant area due to spreading of the area in the next chapter. The section 4 mainly 
discusses the results deduced from an application of the theory to the natural 
earthquakes in Japan, the Niigata earthquake of 1964 (M7.5) and the Southeastern 
Akita earthquake of 1970 (M6.2). In the section 5 there are some discussions on the 
results of analyses for the volumetric strain due to dilatancy, for the size of anomalous 
zone, and for the propriety of the diffusion model.
2. Mathematical Expression of Dilatancy 
   Singh and Sabina (1975) proposed a mathematical formula of dilatancy in a half-
space based on the theory of thermo-elasticity which is developed by Mindlin and Cheng 
(1950b). Thermo-elastic stress is equivalent to the body force which is called 
center of dilatation (Goodier, 1937). Singh and Sabina (1975) discussed the epicentral 
deformation due to dilatancy of which zone is sphere or infinite cylinder. They also 
discussed the method of estimation of the magnitude of the impending earthquake for a 
given volumetric strain of dilatancy or alternatively gave a constraint on the volumetric 
strain obtained from the deformation before earthquakes. However it is not always 
appropriate that the thermo-elastic stress stands for dilatancy. Dilatancy is the 
inelastic swelling of rock at deviatoric stresses approximately one-half to two-thrids of 
the fracture strength of rock. Brace et al. (1966) suggested that the dilatancy is 
caused by the opening of microcracks in the least compressive stress direction. It has 
been also reported that the dilatancy induces anisotropic behavior in both strain field 
and body wave velocities of dilatant rock specimen or in situ dilatant field (Gupta, 
1973a,  b). The anisotropy may be caused by orientation of opened microcracks to 
the direction of maximum principal stress. Therefore the realistic force system which 
represents microcrack dilatancy is center of  dilatation-Fdouble force without moment of 
torque. This force system is a point force equivalent to tensile crack according to the 
dislocation theory (Maruyama, 1964). As for the shape of dilatancy region  tri-
axial ellipsoid is generally required. We first obtain the solution due to an ellipsoidal 
source by means of the potential theory. Further the exact solution due to the source 
of an elliptic disk of finite thickness is obtained by analytical double integral and 
numerical integration in a direction. 
(1) Body force representation f tesnile crack 
   The solutions due to various nuclei ofstrain embedded in an unlimited solid or in a 
semi-infinite solid were given by Mindlin (1936) and Mindlin and Cheng (1950a) in terms 
of the Galerkin vector F which is connected to displacement vector  u by 
 2Pu  =  2(1-2)P2F—VV'F,  (1-1) 
where  ,a and v are the shear modulus and the Poisson's ratio, respectively. Strain
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nuclei of center of dilatation and double force in z-direction will be called hereafter the 
force system (i) and the force system (ii), respectively. When the nuclei are embedded 
at the origin of coordinates in an infinite medium, the respective Galerkin vectors are 
    (i)  F1— kE log  (r+z)  ,
and (1-2) 
    (ii)  F2  =  kDzIr  ,
where  r=(x2+y2+z2)112, k is the unit vector in z-direction, and E, D are the coefficients 
associated with the strength or moment of double forces. The displacements due to 
the force system (i) and the force system (ii) are
 2/..tuix  = E  x1r3  , 
 2,uu1y  E  y  Ir3  , 
 2ittu1  =  E  zfr3  ,
and 
 2,au2x = D  (x1r3-3z2x/r5 
 2,uu2y D  (y/r3—  3z2y/r1 
 21-4%. = D  [—  (1-40)  zir` 
respectively. 
   After Love (1927) the force system (i) consi 
axes parallel to the axes of coordinates, and  si 
moment M1. This moment of double force is n 
is defined as lim  eFo, where e is a small distanci 
 r-4.0 
opposite single forces of strength Fo act. Disph 
source are as follows, 
             Ml  x 
 ulx  4
7/.  (A+2µ)  r3 
 M1  
 1415, 
 47r  (A-1-2/4  r3 
             Ml  z
 uir  417t  (A+2,u) 
where A is the Lame's constant. And for the 
also given in the following formulae. 
 M2a x 3z2x 
 U2%  =  8
7t,u Ts  r5 
 M2a   ( y  3z2, 
                    u25., 8  r3 r3 
              212%-  M2r2z   + 
                       8irtzLr3
)  , 
- 5)  , 
  —4v)  / 3-3z3/r5]  , 
i ists of three 
 -dinates, pecified by 
l  ot the tora
(1-3)
(1-4)
 double forces, having their 
nates, i i the same quantity, i.e. the 
ble que moment of a couple but 
ll i e of two points at which two equal and 
o lacements in three directions due to the
) r3 
force system (ii), 
  
  75  )
   y  
2z  3z  (x2-1--  y2)
r3
(1-5)
the displacements are
(1-6)
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where M2 is the
Comparing 
vectors are
moment of a double force in z-direction
 A  +p  
 A +  2  p 
(1-3) with (1-5) and (1-4) with (1-6), the 
related to the moment of double forces as
 E= (1—a)
and
coefficients
(1-7)
of the Galerkin
 2,7r
D — —  all2
47r
Therefore the resultant displacement components due to the source of center 
+double force in z-direction are
3xz2 
 75
(1-8)
 M2
 [(2y-2city—ce) +  oz.  ]
of dilatation
 ux =
U=  3,
 87r,u
M2
where 
   According 
contribution of 
 dE is
 87riu
 M2  
 u,  =  8
7r,u 
 Y  =  MtiM2 
to the statical 
displacement
 [(2y-2cxy—a)  -.)7  +CO
 [(2+  2y-2ay-3a)2:,3
3yz2 
 75
 +  3a  •
 ]
z3 
 r5   '
 (1-9)
elastic dislocation theory, 
discontinuity in z-direction,
 ui  =  T„'•  Au,  di'  , 
 uy =  T„2  Aux  di'  , 
 u, =  T333  Au,  di'  ,
e.g. by Maruyama (1964), the 
 dui, across a surface element
(1-10)
where
 T931
 T332
 1
 47r
 1
 4  7r
 z2x 
[(1—a) y3 30G • —                      r5
[0 -CO (-+3U•223)     3 r5
If the solution 
 , (1-10), the
 1
 Ts2
 1 
 4n-
 z zs 
 [(1—a)  r, +3a• H.                 r5
 ]
due to the 
following
body forces is equalized to that 
equalities should be satisfied.
due to the
(1-11)
dislocation over
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 V  -----  MiiM2  =2itt                                                      (1-12) 
 M2=2uAuxdE, 
   In the later part of this paper which treats the dilatant zone of finite volume, we will 
interpret  M2 and  Aux as the double force moment and the displacement discontinuity 
per unit volume, respectively. 
   (2) Solutionfor a point source in a semi-infinite solid 
   The half-space considered is defined by  z0. Point source which sonsists of the 
nuclei (i) and (ii) is at (0, 0, Position vectors of field point (x, y, z) from (0, 0, 
and (0, 0,  -U are 
 ri=  xi  +  yj  +  (z—U  k  , 
                                                   (1-13) 
 r,  =  xi  +  yj  +  (z+t",)  k  , 
 zz-3° 
                                    r2
 Z=L
 X
 P(x,y,z)
 Fig. 1. Coordinate system for  semi-infinite space  z0.  i, j, and k are the unit vectors in x, y, and 
     z directions, respectively. The point source of body force is embedded at  z=Co, andthe 
     image source with respect to the free surface isat  z=  —Co. The respective radial vectorsfrom 
     the  real and image point source to a point P (x, y, z) are  r, and  r2. 
where i, j, and k are the unit vectors in x, y, and z directions, respectively (Fig.  1). The 
Galerkin vector stress functions of the respective force systems derived by Mindlin and 
Cheng (1950a) are 
 F1  = kE [log  (7,-I-r—t-o) +  (1-4v) log  (r2+z+ +  2z/r21  (1-14a) 
                                 (z+ t-0)         F
,=kD  - (1-4v) — 240 
                                                         3 
    [r2r2 
                                   + 4v(1-2v) log  (r2-1-z-L-0)  , (1-14b) 
where E and D are the same as those of infinite medium case  (1-8). The correspond-
ing displacement vectors are obtained as follows.
(i)
(ii)
 21uu1 —r1 
—E r13 
            1
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 —  (3-4v)        r2 +  6z (z+.0) r,2 [(3-4v)(z+t'o) —z]  
   r23  725  r23
121
 (1-15a)
2,uu,rir2, rl 
 D _ r 3- (82/2- 8//-1- l)  3-3(z—t-o)_ 5   1r2ri. 
                                                                2
 + 3(z+ 
                        r2— 6r I5(z+-Ci) 1r2+ f2k         "())[( 1-4v) z—(3-40-1)]  -4.1)L ,,,                   725•25—r27 
 (1-150
where
f2—(z—       2 (1-2v)
  rl3 
6 (z
1'25
+13[(1-2v)(1-4v)(z+—go] 
   r2 
 [(3-4v)(z+0)-2z]  .  (1-15c)
POINT SOURCE
- Uz/U/
 /,
 /  /
 /  '
 - ,/
 1.0   Center  of  Di  latat  ion  (CD)
 --Double  Force  (  DF)
ni flrl(CD) ( On
 -115  \
----------
---
-4 ----- -2
1  2  f-  3  4 
r  0
Ur/00
 Fig. 2. Vertical and horizontal displacements (Uz,  Ur) due to three kinds of point source, 
     center of dilatation (CD), double force in z-direction (DF), and  (CD+DF),  §, which 
     represents a tensile crack opened vertically. The displacaments are  normalziedby the 
     absolute values for vertical displacement at the origin for the respective force system,and 
     the abscissa corresponds to horizontal (radial) distance from the origin, which is normalized 
     by the source depth  (co). 
   Vertical and horizontal displacements at the free surface are drawn  in Fig. 2, where 
horizontal distance from the origin,  r=(x2+y2)"2, isnormalized by the source depth  ('0) 
and displacements are by the absolute value of vertical displacement at the origin. The 
symbol, , represents the nucleus of center of  dilatation+double force without moment 
after Steketee  (1958). The vertical orientation of the double force corresponds to 
vertically opened crack. Spatial damping behavior of the vertical displacement for 
center of dilatation is much smaller than that for double force, while the relative
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magnitiude of horizontal displacement to vertical one for the nucleus (1) is larger than 
that for the latter nucleus (ii). Though the vertical displacement for double force has 
a node at the distance  1/5—, composite solution is uplift everywhere.
3. Solutions for the Source of Finite Volume 
   Crustal dilatancy which is related to the occurrence of shallow earthquakes has 
its own finite region and magnitude. We therefore obtain the solution due to a 
volume source. The solution can be obtained by volume integration of the point 
source contribution. In this chapter, we first obtain an approximate solution for a 
 tri-axial ellipsoidal source by means of the potential theory, and next a semi-analytical 
and semi-numerical solution for the volume source of an elliptic disk of finite thickness. 
(1) Approximate solution for a  tri-axial ellipsoidal source 
   Galerkin vector stress function for a point source at  7), is the same as F1,  F2 
in (1-14) except for replacing x, y, with x-E, y-  ii, respectively. 
(i) Center of dilatation 
   Displacement vector is given in a form after Mindlin and Cheng (1950b) as 
 2puo  =  —v(Eir,') —  vo(Eir,')  , (2— la) 
where
                Vo  (3  —4v)v +  2v  z(6Iaz)  —  4(1—v)  kv2z  , 
 yi' =  [(x-  (y_..77)2  (z_n211/2 
                r2' =  [(x--62 +  (Y—n)2 + (z+)9112
The vector operator vz (a/a z) in  (2-1b) for example signifies that thi 
be differentiated by z, second to be multipled by z and then  operate( 
formal expression similar to the gravity force due to a mass of E is 
contribution of an ellipsoidal source. The center of the ellipsoid 
froces are distributed is set at (0, 0, (see Fig.  3). Three  semi-a 
are a, b, and c, so the volume is expressed mathematically as
(2-1b)
 (2-1b) for exa ple signifies that the operand is first to 
l i l d upon by v  . This 
gravity force due to a ass of E is used to obtain the 
 ) lli i over which body 
 I,  ') i i xes of the ellipsoid
 Y
 0
x
 Z 
Fig. 3. Coordinate system for the source of  tri-axial ellipsoid of semi-axes (a, b, c) whose center 
    is at  z  =  Co.
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 -v
;  ,2/c22  i72/b2  (t—t0)2/c2   1 
Then the displacement due to the volume source is 
 2  ktu,  =  —pp—pop,  , 
where 
 dn  cg-  ,
 p(x,  yz)  if  E  dT 
 po(x,y, z) E1 r2'dz  .
q, is the same as the gravitational potential due to mass  distribu 
potential of image  source of the volume (V) with respect o the 
is associated with  th following realtion, 
                           po(x,y, z)= p(X,y, —z) . 
This enable us only  t evaluate p. If E is uniform over the  voli 
evaluated using the  ordinary potential theory as is explained in 
West (1965),  (described in Appendix I of this article together 
treatment of double force potential). It gives 
 Be Bz°  [3 (z—'0)2— ri2j B22(x2— 
 PIE + 3         r
i 2 r 5 
                Be B2° [3 (z t'o)—re] B22(x2-: 
 spoiE   + 3 
       2 2 r 5           2 Y25 
where  r1 and  r2 are the same as those of (1-13), and 
 B00  —   471-                 abc , B°°(2c2—a2—b2)                                                        B22— 
   3 10 
This approximate  for is valid for the region of which  dist 
source volume,  r1, is greater than the maximum radius of the 
the special case of  spherical source, however, only the first  tern 
equations  (2-6a, b) are non-zero terms, and these solutions  ar 
   At the free  surface where we usually observe the crustal  de 
ment vector for the  Poisson's olid (A=,u) is expressed simply a 
  (— A + 18B22  )xi +(— A — 18B22 yj +  (3y                             r5        2faii—E                          r5 
where 
              Be 3B2° 1  g-0215B22(,2— y2) 
        A = — 
 r32 r5r7 r7 
 r2  =  x2  ±  y2  .
  123 
(2-2) 
(2-3)
 (2-4)
tion of density E. The 
 rc  f t  v l  ( ) it  r s ct  t  Free surface is  pc, which 
 e 
(2-5) 
 o ume,  p is approximately 
 ) i i l i l i i the text by Grant and 
 )ed i i I i i l with the approximate 
Uo°  y2)  
         (2-6a)    2 
r  
a -  y2)
          (2-6b) r2 2 r 5      2 Y25 
,  
 O0(a2—b2)
     20 (2-6c) 
 -mula is valid for the region of which  distance from the center of 
r t r t  t  xi  r i s f t  source volume,  r0. In 
 t i l l i ms of the right hands in 
3..re e thus exact. 
 ce formation, the  displace-
iss 's s 
- A + 18B22  ) xi +(— A — 18B22 yj +  9— 9B2° 5t-01( 
 5r5r 
                                          (2-7a)
(2-7b)
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    Now for the numerical calculus, distances hould be normalized by the depth of the 
source center  ('0). Then the normalized quantities are written by 
       =  X  ,y/~o=  Y  ,  A  ,  0—  B  ,  cg- =  C  , 
                      rovc2 — A 2—B2)re(A 2—B2)   ——4 nABC  , =r22 •rg'0=  3  10  20 
                                                      (2-8) 
Then the displacement vector formula  (2-7a) becomes 
 2p1 (— A + 5i22  )Xi(— A —inR5-22  )                                    Yi+3(A—3r2°)k.                                                          R5 
                                                      (2-9) 
(ii) Double force in  z-direction. 
    The displacement solution by the volume source of double force in z-direction is 
obtained by the same procedure as for the force system (i). Using the potentials, 
displacement vector is expressed as 
 2,uu2 = rI,T7+T7                          y1 7 1 •y272y3953  +  V49)4 (2-10) 
where 
                                               Dt"  pi  = D,  dr,  , p2iffyr2   dr  ,fffv dr, ,  vr1 
 P4  =  fff   
                v 
 (2--11)  V
i =  4(1—P)  kNaz —  v  —  z(alaz.)  , 
      V2  = —4(  1  —v)(1  —4v)  kaiaz +  (8v2-8v  +  1)v  (  1  —4v)  vz(alaz)  ,
 v. = v(a/az) 
 v4  —  8(1—P)  kNaz—  (3-4P)  V  (aiaz) —  2v  z(a2laz2)  . 
 pi and  p2 are quite the same as  47, and  po in (2-4), respectively.  932 and  p4 are related 
with  pi and  po as 
 (x,y,z)=  pi  (x,y, —z)  , 
                                                      (2-12) 
 p4  (x,  y,  z)  91,  (x,  y,  —z)  . 
Therefore it is sufficient only to evaluate  pi and  p3.  pi is approximately evaluated as 
 (2-6), and  p3 and  p4 are similarly evaluated as,
 Pa 0.0CoCio(z—) 
r
 (P4 Co° C10(z+0)                    -+ 
 Dr2  r23
 C2°  [3(z  ---0)2—r12i1 
 2r,5 
 c2°[3(2±
3c22(x2_y2) 
       r,5 
 3C22(x2—  y2) 
 r25
(2-13)
2r25
where
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 2 
 C0°  =  "()B00  ,  C1°  
5bBooC20t-0B20 , C22 =roB22 (2-13)' 
   The procedure by which the approximate valuation is performed is described in 
Appendix I. The first two terms of the respective formulae of (2-13) correspond to the 
contribution of spherical source, whereas the last two terms represent he effect of 
ellipticity of source volume. In the case of point source there exists only the first term. 
   In the case of the solid of the Poisson's relation  A=y, the respective terms of (2-10) 
at the free surface take the following approximate forms.
 Vii 
 D
 V24P2 
 D
 —  (A +
 V  stP3 
 D
   1 
 —   2
(A +
 6B22 
r5 I 
  6B22 
     — 
   r5
 3  (M 
 +  3  (M2C1 
 r5
1 
2
2C22  xi  —  3  (M 
 r7 
 ok[— C°° 
             73
6B22 
 r5  )  Yj  (A  ± 
(A6B22      r5) y
 -1-2 (A  + 
     2C22 
 y_ 
     9C°( 
2 r5
 3B2°  ) t-olc 
 r5
 3B20  )  
 r50/c  '
— 15C22
 2C1° 
 y5 
 (x2— y2)
 lk
5t'o2  ) 
 r7 )
 V4124 
D
r7
 oz.  --6(M ---10 , c  2 2
 +  6  (M  4  -— 1  :I 
+ 9C20 ( — 
         r5
 %-o2Ce
 r5 
 g'02 
  r7
  )  xi —6(M+ r7 
 )  ..0k  +  [__   2Cri   4
)  —30C22 (x —Y2)               r7
_ 6 (M ±   IN'0C22  yi 
 r7 
 2C0°  12C1To 
 r3  r5 
(x2—Y2)  ]  k  , 
  r
(2-14)
where
     C Af 
_ o0        o
 r5
+  c  i0 ( 1
 r5
 go2 
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(2-15)
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(iii) Numerical result for center of  dilatation+double force. 
    According to the ratio of moments of double forces, (1-12), as discussed in the 
point source problem, solutions (2-9) and (2-16) should be combined together to 
represent diltancy of an ellipsoidal volume. Vertical and radial displacements due to 
the point source and the spherical source with the radius of 0.8 in the unit of depth of 
the center of the sphere are demonstrated in Fig. 4, where the displacements are 
normalized by the absolute values of vertical displacement  (U0) at the origin for the 
respective cases. We, hereafter, treat the region  r0 because all the physical quantities 
are symmetric or anti-symmetric with respect o the origin of coordinates. Vertical and 
horizontal deformation due to the ellipsoid (A, B,  C)=  (0.8, 0.6, 0.6) are demonstrated in 
Fig. 5, where the displacements for the two perpendicular directions parallel to the two 
principal axes of the ellipsoid are drawn in the same figure. Radial displacement 
vectors and vertical displacement contours at the free surface due to the ellipsoid are 
shown in Fig. 6, where the results are presented only in the quarter space of the free 
surface. Horizontal displacement reaches maximum near the boundary of dilatancy 
region. At points fairly far from the dilatancy region horizontal displacement 
vectors make right angle with contour lines of vertical displacement, whereas they are 
not orthogonal each other near the dilatancy region. Figs. 7(a), 7(b) are the results 
for the ellipsoid  (A, B,  C)=(0.8, 0.2, 0.6).
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Fig.
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0.5
0
POINT SOURCE 
 SPHERICAL  SOURGE 
 (A=0.
  3r/   G 4
4. Vertical and horizontal displacements due to the point source  () and the spherical 
source of radius 0.8  (0, where  Co is the depth of the point source or the center of the  'spherical 
 source. Displacements are normalized by the respective absolute values of the vertical 
 displacements  at the origin. The  quarter of a  circle  shaded by broken  lines  indicate the 
sphere projected on to the plane in a direction
 05
0
 ELLI  PSOIDAL SOURCE
 (0  8
               „____
 0  6)
2  __>  x/c
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Fig
 
. 5. Approximate solution due to the source of the ellipsoid of semi-axes (0.8, 0.6, 0.6) which 
are normalized by the depth of the center of the ellipsoid  (Co). Though the displace-
ments of the two sides  (y=0,  x0) and (x=0,  y0) are in the same graph, the abscissa cor-
respopds to  x/Co for  y=0 and to  ylC, for  x=0. The quarters of ellipse which are shaded by 
 dots or broken lines represent the ellipsoidal source projected on to the respective  planes, 
 (y=0,  x0) and  (x=0,  y0).
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 6. Quarter space of areal pattern of surface displacement due to the source 
(0.8,  0.6, 0.6). Contours of vertical displacement and horizontal displacement 
normalized by the absolute value of the vertical displacement at the origin.
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of elliposid 
vectors are
 ELLIPSOIDAL SOURCE
 (A,B,C)  f0  8,0  2,0 6) 
 -  y=0.0 
 x=0.0
   1 2 3 
 x  /C0Ey4  0 
7.  (a): Vertical and horitonzal displacements i  two directions of principal axes of the 
vertically-flat ellipsoid (0.8, 0.2, 0.6). The quarters of ellipse which are shaded by dots or 
broken lines represent the ellipsoid projected on to the repective planes,  (y=0,  x0) and 
 (x  0  y0). 
 (b): Areal pattern of surface displacement due to the ellipsoid.
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   Approximate solution treated in this section is valid at far field from the 
dilatancy region, and is invalid either for the near field or for the source of a very flat 
ellipsoid, as is noticed at the later part of this chapter.  If we need to provide the value 
of near field or the flat ellipsoid contribution, we should evaluate exact solution 
numerically.
(2) Exact solution for a source of a source of an elliptic disk of finite thickness 
   The approximate solution in the previous section is valid for the far field from 
dilatancy region. The dilatancy associated with an earthquake is generally considered 
to occur at the upper crust and the size of diltancy region to be two or several times of 
aftershock area (Scholz et al., 1973). We treat the source of an elliptic disk with finite
 X
 z 
Fig. 8. Coordinate system for the  spruce of elliptic disk of finite thickness, whose 
   the depth of the center are  (a, b, c) and z  S0, respectively.
semi-axes and
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thickness (Fig. 8). In this case volume integral is performed by analytical double 
integration and numerical integration in a direction to obtain the solution valid at the 
near field. Displacement solutions at any depth are described in Appendix II. Analyti-
cal formulae of surface displacement and strain for the Poisson's solid are given as 
follows. 
(i) Displacement due to the nucleus of center of dilatation. 
                 E 
   
i  f [g1-2 log  1r' 
 -b 
 a 
                     +j f [g1-2  log  fr'-1-1]1ln,cde 
                                                 -a 
                                  11VjC171                                              (2-17)+ 3k[log lx--$-Fri
 -b 
where 
 rf _[(x_e)2  (y—  7))2  t."9  1/2 
 log  I  r'  ;  r'  *  0  , 
        (x, y; 77, = (2-18)  —log  g-  ;  r'  0  ,
 f(:,  =  fit  (n),  t'0  (7),  c) 
 07)  , 71,  c)  On,  77, 
 fif,  7),  —  f(e,71'(e),o+c)  —fie,  —Iv, c) 
 —  fie,  n'() c)  —'1'($),  0— 
 (n) =  a(1-9721b2)112  , 
 (e) =  b(1—e2/a2)112. 
 (ii)  .Displacement .due to the nucleus of double force in z-direction. 
           2,uu2f [ 
            D— 3ilog  pr'+n 
' 
 -b 
                          1                  +3jf[——2log Ir'+n +  r,  -a 
 r_                    ±3kf [3logx—E-1-r11 + (xr,pe)2I Fit d"], 
                     2 
 -b 
where 
                   P'7))2+t..2] 112 
We introduce non-dimensional length for numerical treatment as 
 YO  t'A'1)  =  ZO  r'g0  =  ro'  pg"0—  Po'  -
(2-19)
(2-20) 
(2-20)'
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Then the respective displacements are as follows. 
(iii) Non-dimensional formula of (2-17). 
         2
+ zoxoszo  dy             /ati_  i[G1-2 log I ro'               —40 
                                        -B 
 A 
 [G1-2  log  Iroi  +zo  II  Y000  dxo 
 -A 
 +  3k  flog  I  X—xo+  ro'  x°'z°  dYo (2-21) 
 -B 
where 
                        log  iro'  ro'  0  ,
 Gl(X  , Y;  xo,  y  0,  2'0) =
 —log  zo;  r  0 
 fix°,  Yo,  zo)11x°''°  =  .fixo'  CYO  1+C)  —  f(—xo'  (y0),  yo,  1  +  C) 
 f(xo'(yo),  yo, 1—C)  +  f(—xo'  (yo),  y0,1  +  C)  , (2-22) 
 f(ZO,  Ye,  zo)  Y°'z°  =  _Axe,  Yoi(xo)  C)  —f(x0,  yo'(xo),  1+C) 
 —  f(xo,  yo1(x0), 1—C)  +  f(xo,  —yo'  (x0)  , 1—C)  ,
 xo'(yo) =  A(1—yo2/132)112  yo,  (xo) =  B(1_xem2)112 
(iv) Non-dimensional formula of (2-20). 
       2  pu2 r 
          -Bx°'z° dY0                 —11V0LI roi +zol +   
                                                  0 
 A 
              +3jJ [—  —1  2log Iro'-zo  I + °,]11Y000  dx  
     -Aro 
 +  3k[-3log I X—xo+ r ,+ (X—xo)zo2IdY • (2-23) 
 -B           2ro'poi 
   Continuous measurementof crustal deformation is mostly carried out by exten-
someter and tiltmeter at the free surface. We here obtain theoretical strains and 
tilts at the free surface due to dilatancy in non-dimensional forms as follows. 
(v) Strains and tilts due to center of dilatation.
 2p  au, 
 —E  ax 
 2z  aux 
—E  ay
 =  3  f 
 -B 
 =3J
 (X  —xo)zo
 [(X—x0)2 +  (Y—yo)2]  ro' 
          so
 [(X—xo)2  (17—  Yo)2]  ro
 11x000  dY o 
 Y  dY  o
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        —E  ay  —  3A[PC-42  (Y —y0)2]ro' ilYthz°d.xo, 
 2p au, 1  
 —E ax  3  11%oz°  dy, 
                            —Br'                              o
 2y au, —  3jA  1                               113'00.0dyo. —E ayr'                    —A0 
 (vi)  Strains and tilts due to double force in z-direction. 
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(vii) Numerical examples of displacements, strains, and tilts 
   Horizontal displacement  (x-direction) and vertical displacement at  (y= 
the case of elliptic disk (A, B,  C)=(0.8, 0.6, 0.6) are revealed in Fig. 9,  to 
longitudinal strain  (U„,„=auxfax) and tilt (U,,,=au,lax) in x-direction. 
are  normalzied by the absolute  value of the vertical displacement at the 
 and  strain  and  tilt  are  by  the  absolute  value  of  the  longitudinal  strain  in 
 the  origin  origin  (Uxo= Iauxjax  „.0).  Left  and  right  ordinates  correspond  to  d 
and strain respectively. Indices i and j should be replaced with coordinates 
Then, for example, Uzx means u,,,lux., where the index following  i
indicates differentiation with  respect o the coordinate, i.e. Uz,x=auzfax. 
   In Fig.  10(a) displacements  a (y=0, x0) and at (x=0, y0) are 
the case of (A, B,  C)=(2.0, 1.0,  0.5), and tilts and strains in two directions  4
(2-24)
(2-25)
 rection) i l i l 0,  x0) for 
   gether with 
Lnd tilt ( ,,, ,l ) i i i  Displacements 
 origin (Uo), 
 lute   direction at 
 i i isplacement 
x, y, and z. 
U IU,o,  :he comma 
 ct 
t >0)   revealed for 
 3 il i i i i of long axis
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 (y=0) and short axis  (x=0) of the ellipse are also revealed in Fig. 
characteristic features of these graphs are enumerated as follows. 
(a) Half-value width of vertical displacement depends trongly upon the 
   dilatancy region. 
(b) Magnitude of horizontal displacement reaches maximum nearby the 
   dilatancy region. 
 (A,B,C)=(0.8,0-6,0.6) 
 1.0  \,  -2.0
0.5
Displacement 
Strain
 1,0
       133 
10(b). Some 
dimension of 
boundary of
     0 0  \     
            "1:1;;/uxo 
                          
.0•••••• 
  Fig. 9. Vertical and horizontal displacements (solid lines), longitudinal strain and tilt in x-
      direction (dashed lines) due to the elliptic disk source of semi-axes (0.8, 0.6, 0.6). The 
     values are at  (y=0,  x0). Displacements (Uz, Ux) are normalized bythe absolute one at 
     the origin (Uo), and the  longitudinal strain (Ux,x) and tilt (Uz,x) are normalized by
     the absolute value of the longitudinal strain in  x- direction at the origin of coordinates 
     (Uxo). Left-side ordinate and right-side one correspond to displacement a d tilt or strain, 
     respectively. Shaded rectangle is the quarter of the elliptic disk source projectedonto the 
     plane  (y  0,  xaO). 
(c) Tilt at the boundary is anomalously large compared with that in other region. 
(d) Longitudinal strain in radial direction is mostly contraction at the outside of 
   dilatancy region, while it is mostly elongation at the inside of the region. 
   Consequently, the longitudinal strain at the boundary is very small one. 
   Fig. 11(a) is a quarter space of displacement field at the free surface for the 
elliptic disk in question. Long dashed curves in Figs. 11(a) to 11(e) are the boundary 
of the ellipitic disk of dilatancy region. The magnitude of tilt vector in Fig. 11(b) is 
very large near the boundary as mentioned above. Figs. 11(c), 11(d), and 11(e) shows 
the contours of  areal strain, principal strain, and maximum shear strain, respectively. 
Some features of the areal pattern of the surface deformation revealed in these figures 
are also enumerated as  follows: 
(e) Two peaks of  areal expansion are just at the inside of the boundary of long axis side 
   of the  elliptic dilatancy region, while the peaks of areal contraction are just at the 
   outside of the boundary of short axis side of the ellipse.
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Principal strains in two directions are both elongation at the inside 
dilatancy region, while one is contraction in radial direction , and the 
elongation in tangential direction at the outside of the dilatancy region.
 1.0
0.5
0.0
 Uy/U0
 uij
 6.0
 4.0
 2.0
 y,0  ///1 
 Fig. 10. (a)
 y  =0 
 x=0
 of the 
 other is
 0.0                                                    I                    1,,uy,y/uxo\2  Y1C0 
 \c, 
                Pre7F400,•                  - 2 •00:4AF.• 
                          x=0•/y0/ 
                                Fig. 10. (b) 
 Fig. 10. (a): Vertical and horizontal displacements at  (y=0,  x0) and (x=0,  y0) due to the 
     elliptic disk source of semi-axes (2.0, 1.0,  0.5). 
     (b): Longitudinal strains and tilts in x-direction at  (y  0,  z0) and in y-direction at  (x  =  0, 
 y.0) due to the elliptic disk of  (2.0, 1.0, 0.5). 
     Rectangles which are shaded by solid lines or broken lines are the quarters of the elliptic 
     disk projected on to the respective planes,  (x0,  y=0) and  (x=0,  yl".1). 
(g) Peaks and troughs of maximum shear strain are just at the outside of the boundary 
   for the long axis side and just at the inside of the boundary for the shortaxis side 
   of the ellipse respectively.
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   In addition to the results mentioned above, no "rotation" terms appear, because  
4)uxfay is equal to  6uyPx for each force system (see (2-24) and (2-25)  . 
(3) Comments onthe accuracy and restrictions of the  approximate solution 
   Approximate solution dealt with in the section (1) is derived by truncation of 
infinite power series of multipole xpansion of the Newton potential as discussed in 
Appendix I.  q) in (2-6) as is for the force system (i), for example, is approximated by
the first four terms of the infinite series,  and  p8 in (2-13) for the force system (ii) is by the
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first three terms. The maximum error due to the truncation of infinite power series of 
the potentials  (q) and  p3) is shown in Appendix I, but the difference between the exact 
solution and the approximate solution of displacement is not clear. Although the 
exact numerical solution for an ellipsoidal source should be required to estimate the 
error of the approximate solution, a rough estimation of the error is possible by compar-
ing the approximate solution due to the ellipsoid with the exact solution due to an
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11.  (a)  : Contours of vertical displacement and vectors of horizontal displacement in the 
quarter area of the free surface due to the source of the elliptic disk of semi-axes (2.0, 
1.0, 0.5), of which elliptic boundary projected on the free surface is illustrated by the broken 
curve. The magnitude of displacements is normalized by Uo, the magnitude of the vertical 
displacement at the origin. 
 (b)  : Tilt vectors at the free surface due to the elliptic disk source of (2.0, 1.0, 0.5). The 
magnitude of the vectors is normalized by the absolute value of the longitudinal strain 
at the origin in x-direction  (Uxo). 
 (c)  : Contours of  areal strain at the free surface due to the elliptic disk source of (2.0, 1.0, 
0.5). The values annexed to the contours are normalized by Uxo, the absolute value 
of longitudinal strain in x-direction at the origin. Solid and dotted curves correspond to 
positive and negative values, respectively. 
 (d): Principal strain at the free surface due to the source of the elliptic disk (2.0, 1.0, 0.5). 
 (e)  : Contours of maximum shear strain at the free surface due to the source of elliptic disk 
(2.0, 1.0, 0.5). Solid contours are shown with the increment of 0.5 Uxo, while dotted 
curves are with 0.2 Uxo.
elliptic disk of which volume is equal to that of the ellipsoid. In Fig. 12, for example, 
vertical displacements due to the ellipsoid (A, B,  C)=(0.8, 0.6, 0.6) and the elliptic disk 
(A, B,  C)—(0.64, 0.6, 0.5) are drawn. Displacements in the figure are normalized by 
the respective ones at the origin of the coordinates. The error of Uz for the  ellipsoidal 
source would be maximum at the origin, and the difference between the two values of 
Uz is about 1%. 
   When anellipsoid is flat in horizontal, for example (A, B, C) = (0.8, 0.4, 0.2) as 
drawn in Fig. 13, the approximate solution near the origin is accompanied by large 
errors. Then the approximation for such a flat ellipsoid is too poor to be used at near 
field.
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12. Approximate solution of displacement (dashed curve) due to the  tri-axial ellipsoid of 
(A, B,  G)=  (0.8, 0.6, 0.6), and semi-analytical exact solution (solid curve) due to the elliptic 
disk of finite thickness of (A, B,  G)=  (0.64, 0.6, 0.5). The values are normalized by the 
absolute values of the vertical displacements at the origin for the respective cases. Shaded 
rectangle and the quarter of ellipse represent the quarters of the elliptic disk and the 
ellipsoid, respectively, projected on to the plane  (x0,  y=0).
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4. Application of the Theory to Natural Earthquakes • 
(1) The volumetric moment and volumetric strain due to dilatancy 
   The most essential quantity in dilatancy is the inelastic volume increase,  41/  , and/or 
volumetric strain,  AVIV. We define the volumetric moment due to the dilatancy as 
 M  0  suZIV  ,  (3-1) 
which is analogous to the seismic moment (Aki,  1966). 
   The dilatancy stated above has been modelled in terms of body forces equivalent o 
opened microcrack of which offset in z-direction per unit volume is  d  u.. Then the 
volume increment per unit volume, that is the volumetric strain, is expressed as 
 dv  =AV =  du, dL', (3-2)                           
where  d.S is the surface element across which displacement discontinuity exists. The 
volumetric moment per unit volume is 
 mo =  italv =  dL' (3-3) 
This moment of volume increase is noticed to be half of the moment of double force, 
 M2 in (1-12). If we suppose that  m, is uniform over the region  V, the total volumetric 
moment is 
 M =  iff  modv  moV  . (3-4) 
 ,v 
    Now we derive the appropriateformulae to obtain the volumetric moment by the 
use of in situ data of vertical displacement, strain, and tilt. For example, vertical 
displacement due to an elliptic disk source is expressed definitely by adding the vertical 
component of (2-20) to that of  (2-17) according to the ratio of the moment of two 
force systems, (1-8) and  (1-12), as 
 2l'ux =  2Iz  u2s) 
 notl„d-DoU 
 tbd14,                                    [(1—a) T-71.+ oeU2si  2
7r 
 niXo   U
s  ,  (3-5)  27r 
where 
 U  11  =3  f  [log  I  X—xo+  r0111  1  dY0 
 -B 
 (X  —x0)zo2 (3-5)' 
                                                                             - 
       U25=  3 [IlogX—xo-Fro'+                                                  ,xo,zo dy,        2r
oPo,-                     -B 
 Us ----  (1—a)  Uix  +  01U2x  •
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If the geometric parameters ofdilatancy region are given, we can determine the  volumetric 
moment and volumetric strain by equalizing observed isplacement  (uP) to  u, in (3-5) 
calcultated from the model as 
 /Ito = -  47ruux°/(oUz) (3-6) 
and 
 AV =  Indy = -  47rui°goUz)  . (3-7) 
These volumetric moment and volumetric strain can be determined also from other 
quantities, e.g. horizontal displacement, strain, and tilt. As to tilt in x-direction, for 
example, observed tilt  (auilax), is related to volumetric moment as follows. 
From (2-24) and (2-25) 
                       du,2
u—2/1  6u„ 
           ax ax ax )
                             pAu,                       - [(1-a)U1:„  a  U„x] 
                                        271- 
                             2rTT          mo           XX  , (3-8) 
where
U irx1, ,   roixo  dyo  ,
        -B ° 
         B                           2 
(72"= 3-12r3'r 
                         .z
00,3x 
                 )mo  dye  ,      -B0 
 U =  (1-ct)  U1„  aU2„ 
 c  moment  and  volumetric  strain  are 
        - 47z7.1(6242) U „ ,
(3-8)'
Then the  volumetric  l i i determined as 
                7z 11 ( 6242   (3-9) 
                          ax )01 
and 
                                  47r ( au,   AVIV = mol,u.=-(3-10) 
                                  Us, ax 10 '
(2) Time dependent deformation due to spreading of  dilatancy region 
   When a dilatancy region spreads or reduces, how are the displacements and 
strains at a point inside or outside of the region undergone  changes with time ? In the 
case of spreading, for example, the time dependence ofsurface deformation at a point, 
which is initially outside of the dilatancy region and is turned to be inside of the bigger 
dilatancy region due to spreading (Fig. 14), are depicted schematically in Fig. 15. 
Abscissa in the respective graphs in Fig. 15 corresponds to time, and the left side dashed 
line indicates the time at which the front of growing dilatancy region passes the point 
(P). Especially the time-varying surface deformation at the point are characterized by
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the 
(a) 
(b)
 followings: 
Vertical  displcement increases 
Tilt reaches maximum just at
gradually. 
the time of passing of the growing front.
Fig. 14. Schematic picture of spreading of dilatancy area. The picture  she 
at the outside of the shaded dilatancy area at the initial time of an a 
go into the inside of dilatancy area due to spreading of the dilatancy
ows that the point P, 
 d nomalous period, will 
t  il t v  area.
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t
       
, 
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I
           Maximum Shear      
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15. Schematic graphs of time dependent deformation at the point P in 
spreading of dilatancy area. Abscissa for the respective graphs stand 
first  (left-side) broken line drawn from the top to the bottom indicates the 
growing front of the dilatant area passes the point P.
Fig. 14 due to 
for time. The 
time when the
(c) Longitudinal strain changes from contraction to elongation. 
(d) Areal strain sharply changes into distinct expansion. 
(e) Maximum shear strain decreases gradually. 
   Based on these characteristics of theoretical time-varying deformation, 
interpret he levelling data before the Niigata earthquake of 1964 and also the
we will 
data of
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strains and tilts before and after the Southeastern Akita earthquake of 1970 in the next 
sections. 
(3) The Niigata earthquake of  1964 
   The Niigata earthquake  (1964.6.; M 7.5) which occurred at the northern part of the 
central Japan is a rare example of which vertical displacement precursors are evident. 
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marks along the west coast of Japan island arc (after Dambara, 1973). The number and 
its position of the bench marks are shown in Fig. 17.
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Precursive uplift was reported by Tsubokawa et al. (1964) using the levelling data of the 
first order bench marks of the Geographical Survey Institute of Japan. Fig. 16 (after 
Dambara, 1973) reveals the change of heights of representative bench marks of the 
levelling route along the coast of the Japan sea (Fig.  17). There have been the secular
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     geometric models of dilatancy area before the main shock, one of which should be adopted as 
      the best one. The ellipses drawn by solid curve, long-dashed curve, and broken curve cor-
     respond to the models (1), (2), and (3), respectively, whose geometric parameters are shown 
     in Table 1. 
movement with sudden uplift which had started at 1955 and continued till 1959 at least. 
After 1959 it seems to stop upheaving at some places and to start subsiding at other 
places. Based on this observed phenomenon it is asserted by the dry or diffusionless 
model advocators (Mogi, 1974; Brady, 1975) that the region of the subsidence is around 
or out of the aftershock area and the place which continues to upheave is near the
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epicenter of the main sock. But one of the most probable causes of ground subsidence 
along the coast of the Japan sea, especially near the Niigata City, is due to the pumping 
out of natural gas with underground water for the purpose of industries (Tsubokawa  et 
al., 1968). Moreover, taking the secular movement and the accuracy of levelling data 
into consideration, the depression of the surrounding area of the focal region is not 
so reliable verification of the dry or diffusionless model of dilatancy. We first discuss 
the distinct upheaval change from 1955 to 1959.
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Fig. 18. Vertical cross sections of the aftershocks of the Niigata earthquake (after Kayano, 
 1968).
   Areal distribution of aftershocks and the bench marks along the levelling route with 
their own numbers are shown in Fig. 17, and vertical distribution of aftershocks are 
also shown in Figs. 18 and 19 (after Kayano, 1968, 1973). For the present discussion of 
precrusive uplift we provide two data  sets: 
 I  ; levelling difference between 1959 and 1955 taking into account the secular move-
    ment, 
 II; simple levelling difference between them. 
Spatial patterns of the two data sets are shown graphically in Fig. 20. The ground 
elevations both in the two data sets, particularly in (II), have the  maximum values not 
at the epicenter but near the southern corner of the aftershock area. Then we pick 
up some geometrical models in Table 1, one of which should be adopted to be best. 
These geometrical models of dilatancy region are characterized as follows: 
model  (1); Almost the same as the elliptic aftershock area, and its center is at the 
   epicenter of the main shock,
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model  (2); Both the long and short semi-axes of the elliptic dilatancy region are twice 
   of those of the aftershock area, and the center of the region is the same as the model 
   (1), 
 N
Fig. 19. Frequency histogram of the after-
shocks of the Niigata earthquake with 
respect to the depth (after Kayano, 
1973).
.2.-. 
 E-ri
, 
 w 
 Q
 0  5  1,5  20 25 30  3.5
0
 10
20
30
 40
 50-
--
---
BM6517  
( Nezugaseki
 6507  (Sanpoku) 
   Epicenter
6495  (Asahi  )
6482 (Kurokawa) 
6498 (  Nakaia) 
 6473  (Shibata  ) 
 4410  (Jiztidti) 
 4414  (Sasaki  )
 4438  (lwamuro)
20-
10-10-
0-
10-
2O
41-
 30,
 404-  
 tE222zza
60-
70-
80-
111
 Fig 20. Spatial pattern of the pre-seismic uplift of 
the representative bench marks along the levelling 
route during the years from 1955 to 1959. The 
shaded columns represent the simple difference 
of the levelling data between 1955 and 1959, 
while the open columns encircled with dotted 
line represent the difference of the levels between 
these years taking the secular movement into 
consideration.
model  (2)'  ; The geometric parameters are the same 
   vertical dimension is twice of the above model, 
model  (3)  ; The geometric parameters are the same 
   of the dilatancy region is at the southerncorner
as the
as the 
of the
model (2) except that
model (2), and the 
aftershock area.
the
center
 146   YAMAZAKI
All the models have the common depth of the center of the dilatant zone of 20 km and 
the common vertical dimension of 10 km except the model (2)'. The depth of the 
center of dilatant zone is deduced from the vertical distribution of the aftershocks by 
Kayano (1973) (Fig. 19), and the vertical dimension is from the discussion of dilatancy 
recovery by Scholz (1974). However, the vertical dimension of 10 km is somewhat
Table 1. Geometric parameters of dilatancy zone
Geometric 
 Model
a (km) b (km) c (km)  Co (km)
(1) 
(2) 
 (2)` 
(3)
50
100 
100 
100
i
Position of the center 
  of dilatant area
25
 50 
50 
50
5
5 
10 
5
20
20 
20 
20
i
t
The center of the 
 aftershock area 
ditto 
ditto 
The southern corner 
 of the aftershock 
  area
Table 2. Least squares solutions for the respective geometric models and 
    for the data sets I, II.  &2; Variance of observed values of displacement. 
 Mo; Volumetric moment of the inelastic volume increase  (=  4V). 
 AVIV; Volumetric strain due to dilatancy.
  Data  
_ Set
Geometric 
 Model
   (1) 
   (2) 
 (2)' 
   (3)
II (2)
 6.2 
 cm2
 5.  88 
 1.49 
 1.17 
 1.  29
 1.50
 Mo 
dyne. cm  zIVIV
 (1.110.  4)  X 1026 
 (1.  7±0.  2)  x 1.026 
 (0.  8±0.1)  X1026 
(1.  610.  2)  x 1026
   (9.  413. 2)  x  10-6 
 (3.  710. 5) x 10-6 
 (1.  810.  2)  x 10-6 
   (3.  510.  4) x 10-6
 (1.7+0.2) X 1026  (3.510.5)  x10-6
small taking into account of the aftershock distribution and seismic wave analyses 
(Hirasawa, 1965; Aki, 1966), which concluded that the fault length and the fault width 
are about 80 km and 40 km, respectively.  Therefore, we add model (2)' of which 
vertical dimension is 20 km. 
   For a given geometric model we can obtain the most probable solution by the 
least squares method using the data set (I) or (II). In Table 2 the least squares solu-
tions of volumetric moment and volumetric strain are listed with probable errors and 
variance of observed values. From the results in Table 2, the model (1) should be 
rejected because of its large variance of observed values. As for the model (2) and the 
model (3) there are statistically no significant difference between them. The difference 
between the solutions for the model (2) and the model (2)' is a factor of two, which is 
 just the difference in vertical size between the two models. The solution from the data 
set (II) is obtained for the model (2) and is also listed in Table 2. The results differ 
little from those for the data set (I). Being discussed in the next paragraph which of 
the two alternative models (2) and (3) should be better, we here notice that the probable 
solutions about the volumetric moment and the volumetric strain due to dilatancy for the
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Niigata eathquake are of the order of 1026 dyne-cm and  10-6, respectively. 
   We next interpret the continuous data of tilt and strain change at the Maze 
vault of the Yahiko Crustal Movement Observatory (attached to the Earthquake 
Research Institute of the Univ. of Tokyo), which is installed at the southwestern part 
of the aftershock area (Fig.  21(b) . Refering to the theoretical spatial patterns of 
strain and tilt (Fig. 11) and time dependent deformation due to spreading of dilatant 
region (Figs. 14 and 15), "north-up" continuation at Maze till about 1959 is explained 
by the following two  alternatives: (1) Dilatancy nuclei occurred initially at the aftershock 
area and gradually spread out to reach the neighbour of this observatory till 1959. (2) 
From the beginning of the anomalous time the extent had already reached the 
observatory and the dilatancy strength increased gradually. The continuous strain 
curves of three directions does not always contradict he above two explanations. 
   Fig.  21(a) reveals prominent features in the records of tilt and strain after 1959, 
which has not been discussed in relation to vertical displacements. The change of tilt 
and strain after 1959 suggests the evidence of further spreading of the dilatant area. 
Especially the beginning of abrupt expansion of areal dilatation in 1959 indicates that 
Maze at that time had entered into the dilatancy region. The tilt of "north-down" 
after the time, however, appears to contradict he above mentioned spreading model. 
Taking account of the secular movement at Yahiko, which is at about 15 km south of 
Maze, that is "north-down" tilt whose time rate is about one second per three years 
(Fig.  21(b)  , the tilt change at Maze till 1964 is not necessarily inconsistent with the 
dilatancy spreading model. This spreading or diffusion of dilatant zone may be 
possible to prefer the geometric model (2) rather than the model (3). 
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Fig. 21.  (a): Ground tilt and extension atthe Maze vault of the Yahiko Crustal Movement 
    Observatory (after Yahiko Crustal Movement Observatory, Earthq. Res. Inst., Univ. 
   Tokyo, 1973). 
 (b): Top; The position of the Yahiko and the Maze vaults. Bottom; The tilt change at the 
   Yahiko vault after 1969 (after Yahiko Crustal Movements Observatory and Geodetic 
   Survey Section, Earthq. Res. Inst.,  Univ. Tokyo, 1972).
(4) The Southeastern Akita earthquake of 1970 
   The Southeastern Akita earthquake  (1970.10.; M 6.2) occurred at the central part 
of the northeastern Japan. Source parameters, aftershock distribution, and  V  filVs 
precursors of this earthquake were reported by Hasegawa et  al. (1974), Hasegawa et  al. 
(1975), Kusunose and Hirasawa (1977), and Hasegawa et al. (1975). 
   The epicenter of the main shock and the positions of the Microearthquake Observa-
tories attached to the  TOhoku University are shown in Fig. 22. Some of these stations
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(OGA, NIB, MYK, SNR, AOB) have been installed with tiltmeter and strainmeter 
since 1968. The positions and orientations of the valuts at OGA and NIB of which 
data we will discuss are depicted in Fig. 23. Distribution of the aftershocks is 
shown with seismic fault plane encircled by a rectangle of dimension of about (15 km X 
10 km) in Fig. 24.
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   Fig. 22. The locations of the Micro- 
       earthquake Observatories andtheFig. 23. The orientations of the Oga 
      Crustal Movement Observatoriesand the Nibetsu vaults of the 
       attached to the Faculty of Science,Akita Geophysical Observatory, 
 T6hoku Univ., and the location of TOhoku University.
       the main shock of the Southeastern 
      Akita earthquake of 1970 
   In Fig. 25, two sets of time-sequent tilt change at OGA and NIB are revealed, where 
the observed iscrete data (dots) are approximately interpolated using the Chebyschev's 
function (Faculty of Science,  TOhoku Univ., 1976). Though we can not discuss the 
data of OGA because of the lack of observation from late 1969 to early 1970, the great 
change can be recognized in the tendency of tilt change at NIB, especially in N70°W 
direction, after the occurrence of the main shock as compared with that before the 
main shock. On the other hand, the tilt in N25°E direction of the early 1970 reveals 
a shrot period change followed by the main shock two or three months later. Taking 
account of the aftershock area and theoretical tilt vector due to elliptic dilatancy (Fig. 
 1  1  )  , the directions of N70°W and  N25°E at NIB are almost parallel and perpendicular to 
the maximum tilt vector, respectively. Therefore the direction N70°W is more sensitive 
to the dilatancy preceding the main shock in question. Then the long-term change of 
tilt in N70°W from the early 1969 to the time prior to the main shock may be regarded 
as the precursors of about  10-5 radians in magnitude. We can estimate the volumetric 
strain for this precursor by the use of the tilt change at this station. For example, we
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treat the two geometrical models of elliptic disk, whose parameters oflong axis, short 
axis, thickness, and depth of the center are as follows: 
   (1) (a, b, c,  '',)=(30, 22, 5, 10)  km, 
   (2) (a, b, c,  )—  (80, 50, 5, 10)km. 
Linear dimensions of the two models are about five and two times as large as that of the 
afterhsock area, respectively, and the vertical dimension is about the same as that of
 M  =  6.2
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  Fig. 26. Velocity change before the South-eastern Akita earthquake (after Hasegawa et  al., 
     1975).  I-  str  j, indicates indirectly the velocity ratio  V25/V s in and around the focal  region, 
     and  tap corresponds to the deviation of observed P wave travel time from the theoretical 
        ones. 
the aftershock zone. The inelastic volumetric strain due to the precursive dilatancy for 
the respective models are obtained by the same method as that for the Niigata 
earthquake, though we use the data of single station in the present case. The results 
are 
   (1)  AV  IV  —2  .4  x  10-2, 
   (2)  AV  IV  =  1.5  x 10-5  . 
The solution for the first model should be rejected because of its too large volumetric 
strain. 
   Hasegawa et al. (1975) suggest that the precursive anomalous area for this 
earthquake based on the  VAT's change (Fig. 26) might be about two times as large as 
the aftershock region by the use of the ray paths through the southern part of the after-
shock area. The present result, on the other hand, gives a larger size of the anomalous
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region. Anderson and Whitcomb (1975) give the relation between the size of aftershock 
area and that of dilatancy region as 
                         log  (11L2)  ——3  ,
where 1 and L are linear dimensions of aftershock area or fault length and anomalous 
region in km, respectively. From this relation the size of the dilatancy region is 
expected to be 120 km in linear dimension for the earthquake of M=6.2. The model 
(2) which gives the volumetric strain of the order of  10-5, cannot be rejected only by 
the reason of the oversized imension of dilatant zone. The data noticed, however, are 
those of just after the new construction of the vault. Therefore, they seem to have 
responded to the instable  deformation of the vault itself. Anyhow it is necessary that 
the secular tendency of the crustal deformation at the observatory should be made clear 
and it is in need of an array observation system to discuss the mechanism of earthquake 
forerunner in detail. 
5. Discussions on the Results of Analyses 
(1) On the spreading of  dilatant zone 
   The dilatancy area in the case of the Niigata earthquake as was stated in the 
preceding chapter is about twice as large as the aftershock area in linear dimension at 
the year 1959, about 5 years before the main shock. The area appears to spread 
further after the year. We here discuss three models on the process of dilatancy growth 
before 1959. They are listed as  follows: 
(a) Dilatancy region gradually spread horizontally and vertically from 1955 and had the 
   size of about twice of the aftershock area in 1959. 
(b) Horizontal extent of dilatancy area was already about twice of the aftershock area 
   from the beginning of the anomalous period and spread gradually in vertical direc-
    tion. 
(c) From the beginning of the anomalous period three dimensional region of dilatancy 
   was what we concluded in the preceding chapter and the strength of dilatancy or 
   the inelastic volumetric strain increased gradually. 
   The distinct anomalous uplift is recognized in the early time of the anomalous period 
at Iwamuro (B.M. 4438) which is sufficiently far from the focal region, then the model 
(a) of the above three is rejected. As for the model (b) we cannot adopt his as the better 
one, because the seismic velocity decrease before 1959 is also recognized (Research 
Group for Microearthquake,  TOhoku Univ., 1974). Therefore we infer from the model 
(c) that the dilatancy area was about twice of the aftershock area in linear dimension at 
the time of the onset of dilatancy (about 1955) and increased its own strength till about 
1959. After that time the area spread with a constant strength of dilatancy. 
   The strength of dilatancy or the inelastic volumetric strain preceding an earth-
quake such as the Niigata earthquake seems to be too small to produce seismic 
velocity decrease to be detected, though sufficiently small aspect ratio of newly opened 
microcracks, of the same order of porosity, can give a detectable velocity decrease (And-
THEORY OF CRUSTAL DEFORMATION 153
erson and Whitcomb, 1975) 
    The increase of dilatancy strength and the spreading of dilatancy zone should more 
or less demand the increase of the crustal stress. Such a rapid tectonic stress change in 
the earth's crust within a short time may be generally unacceptable phenomenon. 
However the visco-elastic slow  faulting and flow in the lower crust or in the upper 
mantle enable the tectonic stress to change within such a short time (Nur,  1975; That-
cher, 1976). In fact the time-sequent crustal deformation in the  TOhoku district of 
Japan suggests a slow propagation of deformation, especially in the mximum shear 
strain, with propagation velocity of 40 km/year in the direction of S50°E (Research 
Group for Crustal Movement,  TOhoku Univ., 1976). The possibility of existence of 
low velocity zone in the lower crust pointed out by Sato (1977) may be able to cause 
such a slow deformation. 
    On the other hand, the spreading of dilatancy area mentioned above is not 
compatible with the so-called ry model which needs the drop of deviatoric stress at the 
circumference of dilatant area. The dry model, by e.g. Mogi (1974), is based in 
practice on the spatial pattern of vertical movements after 1959 in the case of the 
Niigata earthquake. Apparent subsidence at the circumference of the aftershock area 
is not a persuasible basis of the dry model taking account of the secular movement of that 
district and the accuracy of the levelling data. In addition to them, the continuous 
data of strains and tilts at the Maze vault support our spreading or diffusion model. 
(2) The size of dilatant area 
   The size of the anomalous region for the Niigata earthquake is about two times as 
large as that of the aftershock area in 1959, five years before the main shock. For the 
Southeastern Akita earthquake, the anomalous region may have extended over the 
region of five times as large as that of the aftershock area in NW direction. The size of 
these "zones of preparation" for the earthquakes i  very large compared with the 
aftershock zones. However it is not unreasonable if we refer to Anderson and Whit-
comb (1975), in which the relation between the size of zone of preparation and aftershock 
area is based on the formula by Kondratenko and Nersesov (1962) as 
                         log  L  =  0.26M  +  0.46  ,
where L is the linear dimension (diameter) of the zone of preparation for an earthquake 
of magnitude M. This formula gives  L=120 km for  M=6.2 and  L=257 km for M= 
7.5, which are consistent with our results. 
   In addition to the size of dilatant zone, we comment on the spreading or the time 
variation of the zone for the Southeastern Akita earthquake. If the dilatancy zone 
expands with time, the present heoretical results in Fig. 10 indicate that the strain 
change has the same order of magnitude as the tilt change at a far field from the boundary 
of the dilatancy zone. The precursory tilt change has been observed at NIB, as 
depicted in Fig. 25. Nevertheless the extensometer at NIB did not record any 
anomalous precursor (Fig. 27). This implies that the dilatant zone of preparation 
for the Southeastern Akita earthquake had already reached its periphery from the early
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time of the anomalous period. 
   The above interpretation should not be so definite, because the vault at NIB had 
not passed a  sufficiently long time since its establishment to exclude the possibility of 
artifiical tilt change due to excavation. It is further remarked on the short period 
changes of the tilt in N25°E and of the longitudinal strain in NS direction in early 1970 
at NIB, as shown in Fig. 27, that they should be caused by melting and flow of a great 
volume of snow that had lain in winter. The same phenomenon is seen in 1974 from 
Fig. 27.
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 Fig. 27. Time sequent records of the extensometers at OGA and NIB for the respective direc-
     tions (after Faculty of Science,  TOlioku Univ., 1976). 
 (a): Raw data (dots) and interpolated ones (solid curves). 
 (b): NS and EW component resolved from the raw data, areal dilatation, maximum shear 
     strain, and prin cipal strain for the respective stations. 
(3) The volumetric strain due to dilatancy 
   The strength of dilatancy which is characterized by the inelastic volumetric strain 
has been estimated for the two earthquakes, the Niigata in 1964 and the Southeastern 
Akita in 1970, as  4  x  10-6 and about  10-5, respectively. On the other hand, the 
critical shearing strain corresponding to the faulting of the crust is considered to be of 
the order of  10-4, which is obtained from the relation between earthquake nergy and 
earthquake volume or the analysis of crustal movement accompanying the earthquake 
faulting (Tsuboi, 1932, 1956). Hirasawa  (1965) also reported that the strain drop 
around the tip of fracture area is 3  ti 6 x  10-4 in the case of the Niigata earthquake as 
deduced from body wave analyses. These strain or stress drops, which correspond to 
the shearing strain due to local stress concentration, should not be compared with the 
average volumetric strain over the dilatant zone. However that the strength of the
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dilatancy which was prepared for the two earthquakes i  less than that of critical 
shearing strain by one order at least is the result of importance. Anderson and Whitcomb 
(1975) gave the reasonable value of the porosity due to newly opened cracks for the onset 
of the velocity anomaly in the case of the San Fernando event (1971.2,  M-6 .4) as the 
order of  3  x  10-4 based on the values of crack porosity  (0.4-1%) at failure of laboratory 
experiment by Brace  et al. (1966). Hanks (1974), however, gave a constraint on the 
maximum value of the volumetric strain preceding the same event as  AV  IV-<2x 10-5 
which was derived by the use of the maximum uplift associated with the supposed 
dilatant volume, in which his method is similar to but much rougher than that of ours. 
    Dilatancy is the inelastic deformation under the deviatoric stress over a wide area 
and results in partial relaxation of the deviatoric stress. We don't know, however, the 
relation between the inelastic volumetric strain and the stress under the physical 
conditions in the earth's crust. But the laboratory experiment, e.g. Zoback and 
Byerlee (1977), shows that the inelastic volumetric strain increases nonlinearly with the 
growth of the ratio of deviatoric stress to fracture strength and decreases remarkably 
under high confining pressure ven at the same value of the ratio. Midcrustal dilatancy 
region is under high confining pressure, and the average deviatoric stress acting over 
the region is considered to be fairly less than the fracture stress. Therefore our results 
of the volumetric strain of dilatancy for the two earthquakes in Japan are probable 
values. 
   Does such the very small inelastic volumetric strain as is obtained in the present 
study give the velocity decrease ? Seismic velocities in a cracked solid are calculated 
theoretically by the employment of the theory by  ToksOz et al. (1976) in which oblate 
spheroidal cracks are randomly distributed in a solid matrix. Velocities of P- and
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S-waves and their ratio, Vp/Vs, for gas- and water-saturated inclusions of different 
aspect ratios (a) have been calculated for the porosity (c) range of the order of  10-6,,, 
 10-5 (Fig. 28). The calculations how that the thinner cracks strongly affect both 
compressional nd shear wave velocities. In fact,  VV can be decreased more than 20% 
if the aspect ratio of dry cracks is less than 5  X  10-6 even under the porosity of the 
order of 10-6. However the velocity ratio  Vp/Vs, of which decrease is observed 
frequently before an earthquake occurrence, does not decrease so much even though 
the aspect ratio is very small of the same order of the porosity, as is shown in Fig. 
28(b). On the contrary, water-saturated cracks and very thin dry cracks give an 
increase of the ratio  Vp/Vs in comparison with that of the pore free aggregate. These 
numerical results suggest, as well as Anderson and Whitcomb (1975), that seismic 
velocity change before a crustal earthquake is caused by going from saturated to 
undersaturated state due to newly opened cracks of which aspect ratio is of the same 
order as that of the pore concentration. 
6. Concluding Summary 
   To examineearthquake precursors that come out in crustal deformation, the 
dilatancy-diffusion hypothesis by Nur (1972) and Scholz et al. (1973) is modelled as an 
aggregate of tensile cracks by the use of the elasticity theory of dislocation. The 
theoretical model has been applied to the thrust type earthquakes in Japan, the Niigata 
earthquake of 1964 (M7.5) and the Southeastern Akita earthquake of 1970 (M6.2), and 
has been tested in detail. 
   According to the elasticity theory of dislocation, asmall tensile crack is represented 
by the combination of body forces, what we call center of dilatation and double force 
without moment. Dilatancy in the stress field that generates thrust type earthquakes is 
considered to be an aggregate of microcracks of which orientations are almost parallel to 
the horizontal free surface. Our model is represented mathematically by the body 
forces distributed in a finite volume  (V). The formal solution of this problem is 
obtained by the volume integration whose integrand is the contribution due to a point 
source in a half-space derived by Mindlin and Cheng  (1950b). The analytical solution 
without any approximation for a spherical source and a far field approximate solution 
for a  tri-axial ellipsoidal source have been obtained by the method of the potential 
theory, but the solution for an arbitrarily shaped dilatancy zone could not be obtained 
analytically. We have developed the method of semi-analytical and semi-numerical 
solution for the dilatancy source of which shape is elliptic disk of finite thickness. The 
solution is valid also for near field. 
   Some results of these theoretical studies are summarized as follows. 
(i) Vertical displacement at the free surface is uplift everywhere and is maximum at 
   the center of dilatant area. There are zero and maximum of the horizontal 
   displacement at the center and the periphery of the dilatant area, respectively. 
   Half-value width of vertical displacement gives almost the linear dimension of 
   diltant area. These results are valid for the source of elliptic disk of finite
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    thickness as well as for the sources of sphere and of  tri-axial ellipsoid. 
(ii) Tilts and strains have also been computed for the case of elliptic disk source. The 
   tilt at the periphery of dilatant area is remarkably large compared with that of 
   other place, while the longitudinal strain at the place is very small. Longitudinal 
   strain in radial direction is contraction at the outside of dilatant area, while it is 
   elongation at the inside of the area. These results are useful for estimation of in
   situ dilatant area. In addition to  these results, spatial patterns of areal strain and 
   tilt vectors have been pictured. And no rotation component of deformationdoes 
    exist. 
   The Niigata earthquake of June 16, 1964  (M  =7  .5), is famous for its anomalous 
behavior before the main shock,  e.g. mangetic field anomaly (Yukutake, 1968), seismic 
velocity change (Research Group for Microearthquakes,  TOhoku Univ., 1974), and 
particularly remarkable uplift around the focal region (Tsubokawa et  al., 1968; 
Dambara, 1973). These anomalous behaviors are often made use of for the verification 
of the dilatancy hypothesis of earthquake occurrence. Surveys along the levelling 
route around the Niigata district had been made frequently to watch the ground 
subsidence caused by the mining of natural gas. The levelling data showed an 
abrupt deformation from 1955, which continued to 1959. The anomalous uplift 
appeared to stop or recover after 1959, and it was followed by the main shock soon 
after. It has been also reported on seismic velocity anomaly and tilt anomaly before 
the Southeastern Akita earthquake of Oct. 16, 1970  (M=6.2). 
   The above stated results of theoretical studies have been applied to these two 
earthquakes, and quantitative discussions on the dilatancy before the earthquakes 
have been made. Main results of the present analyses are summarized as follows. 
   (1) The level change from 1955 to 1959 before the Niigata earthquake is considered 
to be diltancy in the crust. It is concluded on the size of the anomalous area by the 
use of the least squares method that the major axis of the elliptic dilatant area in 1959 is 
about twice as large as the linear dimension of the aftershock area. This is confirmed 
from the additional data of tilts and strains at Maze under the assumption of constant 
vertical size of the anomalous zone of 10 km. The extent of the dilatant zone at the 
early time of the anomalous period, about 1955, was almost of the same as that 
stated above, and the strength of dilatancy is considered to have increased gradually 
to 1959. 
   The levelling change after 1959 cannot be discussed quantitatively because of poor 
signal to noise ratio and discreteness of the data, though the continuous data of the 
tilts and strains at the Maze vault suggest hat the strength of dilatancy was constant 
and anomalous area spread horizontally after 1959. 
   (2) For the Southeastern Akita earthquake of 1970, which occurred at the 
northeastern part of the Japan island, the tilt change at the Nibetsu vault  (il=i80 km) 
showed an anomalous behavior continuing to the time just two or three months before 
the main shock. On the other hand, the strainmeter in any direction at the same 
site showed no anomaly. It has been hard to be understood so far on this problem.
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Following the theoretical results promoted in the present study, we can understand the 
data of the strainmeter at the Nibetsu vault if the dilatant area had already spread out 
to Nibetsu at the initial time of the anomalous period and the strength of dilatancy had 
increased gradually with time. Then the horizontal extent of dilatant area before this 
earthquake may have been ten times as large as the major axis of the aftershock area. 
This result is consistent with the relation between the size of precursive anomalous area 
and that of aftershock area given by Anderson and Whitcomb (1975) or Kondratenko 
Nersesov (1962). 
(3) The inelastic volume increase,  LIV  , in an original volume (V) is essential for the 
dilatancy, and the volumetric strain  (AV  IV) and the volumetric moment are defined as 
 Mo  ILJV  , 
where  ju is the shear modulus around dilatant zone. These quantities are evaluated for 
quantitative discussions of earthquake precursor. 
   For the Niigata earthquake the volumetric strain and the volumetric moment have 
been obtained by the least squares method using the levelling changes of nine bench 
marks along the west coast of Japan. The respective results are 
 JV =  (3.7±0.5)x 10-6 
and 
                           Mo  (1.7±0.2)x  1026 dyne-cm. 
The volumetric strain for the Southeastern Akita earthquake has approximately been 
estimated as  (1.5  x  10-5) by the use of the tilt change at Nibetsu  (z1-80 km). 
   From the above results some suggestive inferences are deduced as follows. 
   (a) In the case of the Niigata earthquake, the facts that the dilatancy strength may 
have continued growing from 1955 to 1959 under a constant size of the dilatant area 
and that the area spread after 1959 under a constant strength means the increase of 
tectonic stress which had caused the dilatancy in that anomalous term. This is not 
consistent with the so-called ry  dilatancy model which needs the decrease of deviatoric 
stress around the circumference of dilatant area to explain the velocity recovery just 
prior to an earthquake occurrence. 
   (b) Inelastic volumetric strain due to dilatancy observed in the cases of the 
two earthquakes is of the order of  10-5 at most, which is about one-tenth of critical 
shearing strain due to the deviatoric  stress'in the earth's crust. It is  well-known that 
the typical value of the critical shearing strain in the earth's crust is of the order of  10-4 
and is very small compared with that of rock sample in laboratory experiments. The 
inelastic volumetric strain of dilatancy that is prepared for a natural earthquake has 
also been given to be very small compared with the results from laboratory experiments. 
The fact that the very weak dilatancy in the earth's crust gives remarkable seismic velo-
city decrease suggests that the aspect ratio of microcracks may be less than the order 
of  10-4. 
   (c) We have found for the Niigata earthquake that the extent of the dilatant  ari'a 
was constant and the strength of the dilatancy increased in the period from 1955 to 1959.
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 In addition, the seismic velocity change was observed from about 1956 (Reseach Group 
 for  Microearthquakes„  TOhoku Univ., 1974). This indicates that the increase of 
 dilatancy is due to the increase of the aspect ratio of microcracks under a constant 
 crack density in the dilatant zone. This further suggests that the occurrence and the 
 recovery of dilatancy in the earth's crust are caused by opening and closing of pre-
 existing cracks. 
     (d) The magnitude of dilatancy of the order of  10-6—  10-5 in volumetric strain 
 shows that it is difficult to distinguish a real precursor from anomalous crustal 
 deformations at a single station. It is necessary to observe crustal deformations 
 continuously on the basis of the array system to detect earthquake precursors and to 
 discuss the relation between the seismic activity and the crustal deformation. 
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Appendix L The  expansion of gravitational fields in multipoles 
   The displacement potentials at any point outside a volume V in 
forces are distributed with a density E or  IX takes a form similar to the 
fields of matter as
which body 
gravitational
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 P
vE   R' de61'1eit. 
or 
                                Dt- 
          R, P3  =Iffy 
where R' is the distance between volume element,  dVng  , and a field point outside the 
volume  (V). These Newton potentials are approximately evaluated, especially for 
uniform distribution of matter, by the expansion of the potential fields in multipoles. 
The method is described in the text by Grant and West (1965). 
   The volume of mass or body force distributed and thecoordinates are illustrated in 
Fig.  A-1. Now 
 1 1 1  
 R'  Ir—r01 [1.2+ -02_                                    r2rro cos
 =  EyPi (cos y) , ro  r  ,
 =a  r
 \
 Ofro),-/   
• 1C, 6 ,    
1 0 
.-.
     Fig.  A-1.  Spherical coordinates used in the expansion f the potentials in 
where  Pi is the Legendre polynomial of order 1. Therefore 
 p(r) = E r--(i+1)Er0131 (cos y) dr, dr= dij) 
According to the addition theorem for Legendre functions, 
                         47r 1 
 Pi  (Cos  y)  = 2/
+1.m=-E1Yt-m(eo, Po) Yim(9, P) 
where
 multipoles.
 (A-1)
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                   r21+1 (/—Ifni)!  jii2 
              Y 99) —47r (1Imj) .!emPP/Imi(cos  0)  ,            + 
0 and being the spherical polar angles of the vector r (Fig.  A-1). The function  yen is 
called the surface harmonic of order 1, and  Ppm! is the associated Legendre function, 
which is defined as 
 PImi(z) (1—z2)'2( dP1(z) 
                                   dz 
Substituting this expression into  (A-1) gives 
 p(r)  =  47c  E (21+1)-1Eye'(0 , rp)Erolyi-"(00, po) dr 
 1=0m=-/ 
 C.  I 
        =  E  E  ben  yen  (0  ,  qi)  r-(1+1) (A-2) 
 1=0m=-/ 
where 
 ben 47r(21 +1)-1al F 1-m(n0,  9 )dr.
In acutal situations the series (A-2) is rapidly convergent, and the first three terms are 
usually  sufficient to specify the potentials. 
   It is convenient to convert heseries (A-2) into one whose terms are all real, by writ-
ing 
                            co 1 BtmtmY  
         9(r)=E E(A-3)                               r" 
where 
                                 =  b1mycmd-belyen 
Thus 
 Ytm(0,  9)  COS  M9  Pilml  (COS 0) 
and 
 Ben = (2  —  50„,)  (1-11/4)  Er0' cos rnpoPlinli (cos  00) dr 
 (1  +In)!v 
where 
      { 
 0;  m#0 
 from  =
 1;  m=0. 
If this series is truncated at the  nth term, that is, if we write 
 n  1  Ben  ytm 
           so E E  R „ ,(A-4)                                              1=0mr--.0 r1+1 
then we may calculate an upper bound for the remainder  R„ as  follows: Let a be the 
maximum radius of  V. Then, since  Icos  mg,  piimi  (cos  0)  1   1 , it follows that
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 a 
                                       47rE„,a1+33Mai   'Beni47rE„,5 roi+2 dr,  
 
1  +  3  1+3                  o
(M  —4  nasE„,). 
 3 rherefore 
 B1'nY1m  4n-E„,a1+3 M  ( a y 
                     r1+1  I  (/  +  3)  r1+1  r  I
 and consequently 
 R M  °C1  (ayM (a                             /-—a)-1 . (A-5)                1=n+1 r r Y 
   In the same manner as the above procedure, the potential 
             P3 = iff                                        R, c4 c1.71 cg." 
can be expanded into infinite series imilar to (A-3) as 
 00  1  Ce.Y  
 P3(r)  E  E(A-6) 
                                            1=0m=-0  7+3- 
where 
 eim  Yen  cc'  Yr'  +  cim  , 
 ces  4n(2/ + 1)-1  Ef EVrol  pc,)  dT,
V 
                      (1-0!   C
im =                  +911)iffvo                                  DVIcos MT° Pcos 0 dr  . 
If this series is truncated at the nth term, that is, 
                       n  i CmYm
        Ps  R„' , (A-7) 
                      1-0r+1 
then we may calculate an upper bound for the remainder  R„' as 
 R,,'—  4--3Nrr2_  a )-1, (A-8) 
where N.---(4/3)7ra3  D„,and is the upper bound for the mean density within  V. 
   In the cases of sphere and  tri-axial ellipsoid, the coefficients of truncated power 
series (A-4) for p and (A-7) for  pa are calculated explicitly as follows. 
(1) Sphere of radius a 
                                             a 
            to27, 
 Ben= (2-80.)((1+0M)1fEro1+2 d  sin 0  Pim (cos 0)de f cos?lipdq,. 
1
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If the density E is unfirom within  V, 
                B-7z-a3E; 1=m=  0                      r'=4 
 0  ;  /  *  0  or  m  *  0  . 
   In the same manner as that for  Ben  , non-zero term of  Ci"' is obtained for uniform 
densities as 
                                   47r                          C
1° 15  °OD  .
If we shift the origin of coordinates from z=0 to  z= as is adopted in the case of 
semi-infinite space, the non-zero term of the coefficient  C00=(470)  a3',D should be 
added to. It is clear that the solution for the case of sphere are exact. 
(2)  Tri-axial ellipsoid of semi-axes (a, b, c) 
   In the case of  tri-axial ellipsoid, theseries expansions of  p and  ps are in practice 
truncated at the n-th term as (A-4) and (A-7). To obtain displacement,  q or  g)3 must 
be singly or doubly differentiated with respect o spatial coordinates in  (2-1) or in 
 (2-10) of the main article. Therefore, if  p3 is truncated at the term of n=2, then g, must 
be truncated at the term of n=3. 
   For the case of  tri-axialellipsoid of semi-axes (a, b, c), changing the variable of 
integration permits us to use the following formula 
 f(x  ,  y  ,z  )dx dy dz abc  J  f f(au,  bv, cw) du dv  dw  , 
 v:  x,/a,  +y2ib2  z /c2  V0:  u2  +  v2  +  w2 
then the first four or three terms of the coefficients  Bin' and  Cen for the coordinate 
system of the origin shifted to (0, 0,  -U are as follows. 
           4 
zabcE ,  B2oBo°(2c2—a2—b2)                                               B22B°°(a2—b2)
 - 
 3  10 20 
 .81 =  B20  =  Bol  B32  —  B32  —  0  , 
                        47rCo (2c2—a2—b2)C
o°—47-cab4',D, C10  — abc3D  , C2—   315  10 
 Ce(a2—b2)    C
2220,=  C31 0  . (A-9) 
In Chap. II of the main article, we replace  Ben and  Cen with  Be'VE and  Cen  , respec-
tively, then newly defined non-zero terms of the coefficients become as follows. 
                            Bo°(2c2—a2—b9 
                                             B22—B°o(a2—b3)       B0 ——4  7rabc  , B2  = 
  3 1020 
                       c2Co°(2c2—a2—b2)        C
o°= —4Rabg= C.0-1300  , CIO .= B00 ,C20  3  510
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   2 Coo(a2b2)()C2- —(A-9)'  20 
Appendix IL Displacements at any depth due to body forces distributed over 
an elliptic disk of finite thickness 
   (i) Center of dilatation 
               b 
 21all22 
 -b 
       —iI(g, —21oglz++r2'1 —  ,)11firdn —Er2 
a 
       +i1 (g1-2 log 1z+ +r2' i--  2z,  ) IN  de 
 72  —a 
                b 
        +kf1 logx—+r1' I  +2  log )  x—e+r211+2.z (2' +0(x— - E) 1IV,rin , 
 -b [(31-77)2+ (z+n9r,' 
 (A-I0) 
where 
 I log I z — + 71'  ;  (x  —4)2+  (y-9)2  *  0        g1=            sgn (z  0log I z —i ; (x  W+ (y— V =    , 
 ri, ____{(x_62+ (y_77)2+ (z____M, r2,[(x___62+ (y—,02+ (2+ 093./ 2 
(ii) Double force without moment in z-direction 
b
                           ,.2.--.4-    2uu 2.f —3                  log iz    '_—t-i-+ r2.I —,-E-   
 D2rr2'  -a  i 
                  2z    Z(Z+n  “Z  +)a          +1III dn 
 [(x—e)2+(Y-27)2]Lr2'+I,213r2 
             a 
 n'      + ji I-3Z.-log lz-1-1"-i-r21 —, +, 
  _a2Yi.Y2 
                     2z1- z (2 +0 (z + 03         --F+r2']}11'1,c  d 
                [(x—er+(y-9)2]LY2' r23 
   b5 x—g (Y—72)2(X —0  
     + k.1 1210g 1 x---ed-r,'I +—log lx—ei-r211  +      -b2  ri' [0)-02+ (z--)2] ri' 
          2x — e) 3z (... (z +- .)2 0— (x _02. +)  +- (z +) +  r,2z2] I li fiC  do  .       [(y-2))2+(z--1-)9r2'(Y--'7)2+ (z+ 022 
 (A-11)
